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ABSTRACT
The bispectrum can quantify the non-Gussianity present in the redshifted 21-cm signal pro-
duced by the neutral hydrogen (H i) during the epoch of reionization (EoR). Motivated by
this, we perform a comprehensive study of the EoR 21-cm bispectrum using simulated sig-
nals. Given a model of reionization, we demonstrate the behaviour of the bispectrum for all
unique triangles in k space. For ease of identification of the unique triangles we parametrize
the k-triangle space with two parameters, namely the ratio of the two arms of the triangle
(n = k2/k1) and the cosine of the angle between them (cos θ). Furthermore, for the first time
we quantify the impact of the redshift space distortions (RSD) on the spherically averaged
EoR 21-cm bispectrum in the entire unique triangle space. We find that the real space signal
bispectra for small and intermediate k1-triangles (k1 ≤ 0.6 Mpc−1) is negative in most of the
unique triangle space. It takes a positive sign for squeezed, stretched and linear k1-triangles,
specifically for large k1 values (k1 ≥ 0.6 Mpc−1). The RSD affects both the sign and mag-
nitude of the bispectra significantly. It changes (increases/decreases) the magnitude of the
bispectra by 50− 100%without changing its sign (mostly) during the entire period of the EoR
for small and intermediate k1-triangles. For larger k1-triangles, RSD affects the magnitude by
100 − 200% and also flips the sign from negative to positive. We conclude that it is important
to take into account the impact of RSD for a correct interpretation of the EoR 21-cm bispectra.
Key words: cosmology:dark ages, reionization, first stars—methods: numerical
1 INTRODUCTION
After the Big Bang the Universe gradually cooled down and once
it reached a temperature of about 3000 K most of the hydrogen in
the Universe went through a phase change from ionized (H ii) to
neutral (H i) during the so-called epoch of recombination. After this
it stayed neutral until the first sources of light formed. These sources
are thought to have generated enough radiation in the X-ray and ion-
izing UV bands to gradually heat and “re”-ionize most of the neutral
hydrogen (see e.g. Furlanetto, Oh & Briggs 2006; Pritchard & Loeb
2008, 2012; Choudhury 2009 for reviews). This final phase transi-
tion of hydrogen marks one of the least understood periods in the
history of our universe: the Epoch of Reionization (EoR). Only a few
indirect observations guide our present understanding of this epoch.
These are the cosmic microwave background radiation (CMB) (see
e.g. Komatsu et al. 2011; Planck Collaboration et al. 2016), the ab-
⋆ suman.majumdar@iiti.ac.in
sorption spectra of high redshift quasars (see e.g. Becker et al.
2001; Fan et al. 2003; White et al. 2003; Barnett et al. 2017) and
the luminosity function and clustering properties of Lyman-α emit-
ters (see e.g. Trenti et al. 2010; Ouchi et al. 2010; Jensen et al.
2013b; Choudhury et al. 2015; Bouwens 2016; Ota et al. 2017).
They jointly suggest that this phase transition of hydrogen spans
a wide redshift range, 6 . z . 15 (see e.g. Alvarez et al.
2006; Mitra, Choudhury & Ferrara 2015; Robertson et al. 2015;
Bouwens et al. 2015). However, these observations do not provide
the precise duration and timing of reionization and they do not put
strong constraints either on the properties of the main sources of
ionization and heating nor on the typical size distribution of the
ionized regions at different stages of reionization.
The redshifted 21-cm line, originating from spin-flip transi-
tions in H i atoms, is the most promising tool for the direct observa-
tion of the EoR and can potentially answer many of its fundamental
puzzles, as mentioned above. The brightness temperature of the red-
shifted 21-cm line directly probes the H i density at the epoch where
the radiation originated. One can, in principle, track the evolution
© 0000 The Authors
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of H i during the entire reionization period by observing this line at
different redshifts.
Motivated by this prospect a number of low frequency radio
interferometers, such as the GMRT (Paciga et al. 2013), LOFAR
(Mertens et al. 2020), MWA (Barry et al. 2019; Li et al. 2019), PA-
PER (Kolopanis et al. 2019) and 21CMA (Wang et al. 2013) are
competing to achieve the first statistical detection of the redshifted
21-cm signal from the EoR. However, as yet none of these has
produced a successful detection of the signal, largely due to the
complications of separating the signal from the ∼ 4 − 5 orders of
magnitude stronger foreground emission (e.g.Di Matteo et al. 2002;
Ali, Bharadwaj & Chengalur 2008; Jelić et al. 2008; Ghosh et al.
2012), and systemnoise (Morales 2005;McQuinn et al. 2006). Only
weak upper limits on the expected 21-cm signal have been obtained
(Paciga et al. 2013; Mertens et al. 2020; Barry et al. 2019; Li et al.
2019; Kolopanis et al. 2019; Trott et al. 2020).
Once an optimal method of separating the signal from
the foreground contaminated data is achieved, the first gen-
eration interferometers will probably detect the signal via
statistical quantities such as the variance (e.g. Patil et al. 2014;
Watkinson & Pritchard 2014, 2015), the multi-frequency angular
power spectrum (e.g. Datta, Choudhury & Bharadwaj 2007;
Mondal, Bharadwaj & Datta 2018; Mondal et al. 2019a,b)) and
the power spectrum (e.g. Pober et al. 2014; Patil et al. 2017), as
these lead to the high signal-to-noise ratios (SNR). The power
spectrum has been shown to probe many important features of
the signal (see e.g. Bharadwaj & Ali 2004; Barkana & Loeb 2005;
Datta, Choudhury & Bharadwaj 2007; Mesinger & Furlanetto
2007; Lidz et al. 2008; Choudhury, Haehnelt & Regan 2009;
Mao et al. 2012; Majumdar et al. 2016a; Jensen et al. 2013a)
and thus can be used for the EoR parameter estimation
(Greig & Mesinger 2015; Greig, Mesinger & Koopmans 2015,
2019; Koopmans et al. 2015; Ghara et al. 2020; Mondal et al.
2020).
However, only for a Gaussian random field does the power
spectrum provide a complete statistical description. The fluctua-
tions in the EoR 21-cm signal are dictated by the interplay between
the underlying matter density and the evolving distributions of the
ionized regions1 . These make the signal highly non-Gaussian. The
power spectrum is incapable of capturing this non-Gaussianity in
the signal, however the error in the power spectrum estimation (cos-
mic covariance) will be significantly affected by it (Mondal et al.
2015; Mondal, Bharadwaj & Majumdar 2016, 2017). The position
dependent power spectrum, estimated by dividing a large survey
volume into several smaller sub-volumes and then calculating the
power spectra of those sub-volumes, can however quantify to some
degree the signal correlation (mode coupling) between small and
large length scales which is caused by the signal’s non-Gaussianity
(Giri et al. 2019).
Quantifying the non-Gaussianity of the signal requires the use
of higher order statistics. One-point statistics such as the skew-
ness and kurtosis provide a straightforward means to achieve this
(see e.g. Harker et al. 2009; Watkinson & Pritchard 2014, 2015;
Shimabukuro et al. 2015;Kubota et al. 2016). They capture the gen-
eral level of non-Gaussianity integrated over the range of scales from
which they are measured. However, as one-point statistics, they are
incapable of quantifying the correlation of the signal between dif-
ferent length scales.
1 When the spin temperature TS has saturated over the CMB temperature
TCMB i.e. TS ≫ TCMB.
The bispectrum, which is estimated through the product of the
Fourier transform of the signal for a set of three wave numbers (k)
that form a closed triangle in Fourier space, is on the other hand ca-
pable of quantifying the correlations of the signal between different
Fourier modes. It is apparent that a successful detection of the sig-
nal bispectrum, the Fourier equivalent of the three point correlation
function, will require more sensitivity than needed for the signal
power spectrum. (Trott et al. 2019) tried to put an upper limit on
the signal bispectrum using the observations with the MWA Phase
II array. Measurement of the bispectrum not only characterise the
non-Gaussianity of the signal but will also constitute an important
confirmative detection of the EoR 21-cm signal, as any claimed
measurement of the power spectrum could contain contributions
from residual foregrounds or noise.
Understanding the characteristics of the EoR 21-cm bis-
pectrum is more relevant now in view of the construction of
the more sensitive next generation radio interferometers HERA
(Pober et al. 2014; Ewall-Wice et al. 2014) and the SKA1-LOW
(Koopmans et al. 2015). SKA1-LOW is expected to see first light in
around 2026. The detection and characterization of EoR 21-cm sig-
nal is one of its key science goals. As argued above, a measurement
of the 21-cm bispectrum should be an integral part of this both as a
confirmation of any claimed power spectrum measurement and as
a quantification of the non-Gaussianity of the signal.
Theoretical efforts to characterize the EoR 21-cm bispec-
trum started with analytical models (Bharadwaj & Pandey 2005;
Saiyad Ali, Bharadwaj & Pandey 2006) which were followed by
more detailed radiative transfer and semi-numerical simulations
of the signal (Yoshiura et al. 2015; Shimabukuro et al. 2016;
Majumdar et al. 2018; Watkinson et al. 2019; Hutter et al. 2019).
In a previous paper (Majumdar et al. 2018, , hereafter Paper I), we
quantified the EoR 21-cm bispectrum using an ensemble of semi-
numerically simulated 21-cm signals and for a variety of k-triangles
(e.g. equilateral, isosceles, etc.). Through an analytical model for
the 21-cm signal fluctuations, we showed that there are two com-
peting components of the signal driving the non-Gaussianity in the
signal: fluctuations in the neutral fraction (xH i ) field and fluctua-
tions in the matter density field. We further showed that the sign
of the bispectrum works as a unique marker to identify which of
these two components is driving the non-Gaussianity: the bispec-
trum will have a negative sign when the non-Gaussianity is driven
by the distribution of the ionized regions and it will be positive
when the non-Gaussianity is driven by the matter density fluctu-
ations. We also proposed that this sign change in the bispectrum
when viewed as a function of triangle configuration and reioniza-
tion history can be used as a confirmative test for the detection of
the EoR 21-cm signal. Hutter et al. (2019), using a set of semi-
numerical simulations of the EoR, independently arrived at similar
conclusions. Analysing a set of radiative transfer simulations of the
Cosmic Dawn (CD), when X-ray heating played a crucial role in de-
termining the brightness temperature fluctuations, Watkinson et al.
(2019) showed that amplitude and sign of the CD 21-cm bispec-
trum depends on the distribution and size of the heated regions.
In a follow up work, Watkinson, Trott & Hothi (2020) investigated
how the signal bispectrum is affected by the presence of foreground
signals and whether foreground mitigation through subtraction or
avoidance would be better for detecting it. It should be pointed
out that due to the specific definition of the bispectrum estima-
tor used by Yoshiura et al. (2015); Shimabukuro et al. (2016), these
authors were unable to capture the sign of the bispectrum, which
Majumdar et al. (2018), Hutter et al. (2019) and Watkinson et al.
(2019) found to be an important feature of this statistic.
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The coherent inflows and outflows of matter into over-
dense and underdense regions respectively, produce an addi-
tional red– or blueshift in the 21-cm signal on top of the cos-
mological redshift, changing the contrast of the 21-cm signal,
and making it anisotropic along the LoS. This apparent LoS
anisotropy in the signal is known as redshift space distortions
(RSD) and was first highlighted by Bharadwaj & Ali (2004, 2005)
and Ali, Bharadwaj & Pandey (2005) in the context of the 21-cm
signal from the CD/EoR. Using analytical models for the signal
they showed that the peculiar velocities will significantly change
the amplitude and the shape of the 21-cm power spectrum. Their
analytical predictions were later independently tested and vali-
dated through both radiative transfer and semi-numerical simu-
lations by Mao et al. (2012); Majumdar, Bharadwaj & Choudhury
(2013); Majumdar et al. (2014, 2016b); Jensen et al. (2013a);
Ghara, Choudhury & Datta (2015); Fialkov, Barkana & Cohen
(2015).All of these studies independently report a significant change
in the shape and amplitude of signal power spectrum, sometimes
by a factor of ∼ 3 or more depending on the k mode and stage of
reionization. This implies that if the effect of RSD is not taken into
account, it may lead to an incorrect interpretation of the signal.
All of the previous CD/EoR 21-cm bispectrum studies have
been performed for the real space signal i.e. without taking into
account redshift space distortions. In this article we aim to quantify
the impact of RSD on the shape, amplitude and sign of the EoR
21-cm signal bispectrum at different stages of reionization using
an ensemble of simulated 21-cm signals. Additionally, we present
the first comprehensive view of the signal’s non-Gaussianity by
calculating the bispectrum for all possible unique k-triangles in
Fourier space. The earlier EoR 21-cm bispectrum studies men-
tioned above only considered a few specific k-triangle configura-
tions when estimating the bispectrum. We first identify all possible
unique k-triangles in terms of the triangle parameters, following
the formalism of Bharadwaj, Mazumdar & Sarkar (2020) and then
estimate the spherically averaged real and redshift space bispectra
to quantify the impact of the redshift space distortions. Lastly, we
provide a physical interpretation of our results based on the quasi-
linear model of brightness temperature fluctuations proposed by
Mao et al. (2012).
The structure of this paper is as follows. In Section 2, we
briefly describe the algorithm that we adopt to estimate the bispec-
trum from the simulated signal. We also define the unique triangle
configurations (Section 2.2) that we consider for our bispectra es-
timation. Section 4 briefly describes our method to generate mock
21-cm data sets. In Section 5, we discuss and interpret our esti-
mated bispectra for all unique triangle configurations as well as a
quasi-linear model to understand the results (Section 3). Finally, in
Section 6 we summarise our findings.
Throughout this paper, we have used the Planck+WP best fit
values of cosmological parameters h = 0.6704, Ωm = 0.3183,
ΩΛ = 0.6817, Ωbh
2
= 0.022032, σ8 = 0.8347 and ns = 0.9619
(Planck Collaboration et al. 2014).
2 BISPECTRUM ESTIMATION FOR ALL UNIQUE
TRIANGLE CONFIGURATIONS
2.1 Bispectrum estimator for the simulated 21-cm signal
The bispectrum Bb(k1,k2, k3) of the 21-cm brightness temperature
fluctuations δTb(x) can be defined as
〈∆b(k1)∆b(k2)∆b(k3)〉 = VδKk1+k2+k3,0 Bb(k1,k2, k3) , (1)
where ∆b(k) is the Fourier transform of δTb(x) and δKk1+k2+k3,0 is
the Kronecker delta function, equal to 1 when k1 + k2 + k3 = 0
and 0 otherwise. The δK
k1+k2+k3,0
ensures that only those k triplets
contribute to the bispectrum which form a closed triangle (see left
panel of Figure 1). The angular brackets denote ensemble average
of the target statistic. For brevity we drop the subscript “b” when
describing the brightness temperature from this point on-wards.
The estimator, that one can use to compute the bispectrum from
the observed or simulated data, can be defined for the mth triangle
configuration bin as
Bˆm(k1,k2, k3) =
1
NtriV
∑
[k1+k2+k3=0]∈m
∆(k1)∆(k2)∆(k3) , (2)
where Ntri is the number of closed triangles contributing to the m
th
triangle bin for which one estimates the bispectrum. As discussed
in detail in section 2 of Paper I, the bispectrum of a real field such
as the 21-cm signal, also is a real quantity.
To estimate the bispectra from the simulated signal cubes we
adopt the method described in Paper I. This method is a direct im-
plementation of Equation (2) alongwith the following two equations
of constraints:
k2/k1 = n , (3)
and
k1.k2
k1k2
= − cos θ . (4)
The angle θ (between k1 and k2) is defined in Figure 1. Using the
above equations one can parametrize the triangle configurations in
terms of the values of k1, n and cos θ, which jointly determine the
size and shape of the triangle. Another way of interpreting the shape
of the triangle is through the angle χ, the angle between arms k2
and k3 of the k-triangle, which is dependent on n and cos θ via
cos χ =
n2 + [1 + n2 − 2n cos θ] − 1
2n
√
1 + n2 − 2n cos θ
. (5)
The computationally intensive part of the bispectrum estima-
tion algorithm is the search for closed k-triangles in a gridded
Fourier space. Equations (3) and (4) effectively eliminate two nested
for loops from the triangle search algorithm. This makes the cal-
culation of bispectra from gridded data much more efficient. For a
more detailed discussion of this method of bispectrum estimation
we refer the reader to section 2 of Paper I.
2.2 Unique k1-triangle configurations
In Paper I, our analysis of 21-cm bispectrum was limited to only
a few types of k-triangles, namely equilateral, isosceles and trian-
gles with n = 2, 5, and 10. A comprehensive view of the signal
non-Gaussianity as captured by the bispectrum requires the calcu-
lation of the bispectrum for all possible k-triangles. However, not
all k-triangles will be unique in their shape and size. To identify
unique k-triangles in the Fourier space we follow the definition of
Bharadwaj, Mazumdar & Sarkar (2020) and impose the following
additional conditions:
k1 ≥ k2 ≥ k3 (6)
0.5 ≤ cos θ ≤ 1.0 (7)
0.5 ≤ n ≤ 1.0 . (8)
The triangles that satisfy these conditions are confined to the region
of the n−cos θ parameter spacewhere n cos θ ≥ 0.5. This effectively
MNRAS 000, 000–000 (0000)
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Figure 1. The left panel shows the definition of unique triangles in k-space. The right panel shows the variation of cos χ with k2/k1 and cos θ in unique
triangles. The unique triangle parameter space is defined following Bharadwaj, Mazumdar & Sarkar (2020).
means that the location of the tip which connects k2 and k3, as we
vary cos θ and n, will be restricted to the shaded region shown in
the left panel of Fig. 1. Any triangle that falls outside of this region,
can be transformed into one that does by relabelling its sides. Note
that Equation (6) ensures that in this parameterization of unique k-
triangles, k1 remains the largest side under all circumstances. This
point is important as we bin our bispectra estimates based on the
value of k1.
For ease of identification of k-triangles of different shapes in
n − cos θ parameter space we indicate them in the right panel of
Fig. 1 and also list them here:
• L-isosceles are triangles with n = 1.0 and 0.5 . cos θ . 1.0
i.e. 0 . cos χ . 0.5. These triangles have k1 = k2.
• The n cos θ = 0.5 arc in the parameter space defines S-isosceles
triangles. These triangles have k2 = k3.
• The junction of the L and S isosceles triangles represents equi-
lateral triangle i.e. cos θ = 0.5 and n = 1.0 (i.e. cos χ = 0.5).
• Triangles with cos θ → 1.0 and 0.5 . n . 1.0 are linear
triangles. At these limits all three ks become collinear (i.e. cos χ →
−1.0).
• Triangles with cos θ = n are right angle triangles (i.e. cos χ =
0).
• The junction of L-isosceles, linear and right angle triangles
represents squeezed triangles where cos θ = n = 1.0 (i.e. cos χ =
0). For squeezed triangles the smallest arm k3 → 0.
• The junction of S-isosceles and linear triangles defines
stretched triangles where cos θ = 1.0 and n = 0.5 (i.e. cos χ =
−1.0).
• Triangles with cos θ < n are acute angle triangles (i.e.
cos χ > 0).
• Triangles with cos θ > n are obtuse angle triangles (i.e.
cos χ < 0).
To estimate bispectra from the simulated signal cubes we have
divided the region n cos θ ≥ 0.5 in the triangle parameter space into
a grid of resolution ∆cos θ = 0.05, ∆n = 0.05. Additionally, we
have divided the entire k1 range (defined by kmin = 2π/[box size]
and kmax = 2π/2[grid spacing]) into 15 logarithmic bins. For our
simulation data (see Section 4) kmin = 0.03Mpc
−1 and kmax = 5.61
Mpc−1. The estimated bispectra are averaged over these k1 bins.
3 QUASI-LINEARMODEL FOR THE REDSHIFT SPACE
EOR 21-CM BISPECTRUM
The main aim of this article is to quantify the impact of the redshift
space distortions on the EoR 21-cm bispectrum, an effect which
has not been considered in any of the previous studies. However, it
would be easier to interpret this impact if we can analyze it with the
help of an analytical model (e.g. Bharadwaj & Ali 2005; Lidz et al.
2008; Mao et al. 2012). In this section we use the prescription of
Mao et al. (2012) to construct such a model for the redshift space
21-cm bispectrum.
The redshift space bispectrum depends on how the three vec-
tors k1, k2 and k3, that form a closed triangle in the Fourier
space, are oriented with respect to the LoS. We use µ1, µ2
and µ3 respectively to denote the cosine of the angles that k1,
k2 and k3 make with the LoS. However, as pointed out by
Bharadwaj, Mazumdar & Sarkar (2020), µ1, µ2 and µ3 are not inde-
pendent of each other, in fact they refer to a particular triangle whose
shape and size are fixed for a fixed set of values of k1, n and cos θ.
These authors also showed that all possible orientations of a triangle
of fixed shape and size with respect to the LoS can be obtained by
performing rigid body rotations of the triangle (see sections 2 and
3 of Bharadwaj, Mazumdar & Sarkar 2020 for more details). This
is a crucial point that should be kept in mind while interpreting the
redshift space spherically averaged signal bispectrum.
Adopting the quasi-linear model of Mao et al. (2012), the red-
shift space 21-cm bispectrum for a fixed k-triangle can be written
as the sum of different auto and cross bispectra between two fields,
namely the total hydrogen density (ρH) and the neutral hydrogen
MNRAS 000, 000–000 (0000)
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density (ρH i):
B
s,qlin(k1, k2,k3) =
(
δ̂Tb
)3 [
B
r
∆ρHi
,∆ρH i,∆ρH i
+(
µ23B
r
∆ρHi
,∆ρH i,∆ρH
+ µ22B
r
∆ρHi
,∆ρH,∆ρH i
+ µ21B
r
∆ρH
,∆ρH i,∆ρH i
)
+
(
µ21µ
2
2B
r
∆ρH
,∆ρH,∆ρH i
+µ21µ
2
3B
r
∆ρH
,∆ρH i,∆ρH
+µ22µ
2
3B
r
∆ρHi
,∆ρH,∆ρH
)
+ µ21µ
2
2µ
2
3B
r
∆ρH
,∆ρH,∆ρH
]
(9)
where
δ̂Tb(zcos) = 27x¯H i(zcos)
(
Ωbh
2
0.023
) (
0.15
Ωmh
2
1 + zcos
10
)1/2
mK , (10)
and the superscripts s and r represent terms in redshift and real
space, respectively. It is convenient to represent the anisotropy in
the signal bispectrum by decomposing it in the orthonormal basis of
spherical harmonics Ym
ℓ
. The different angular multipole moments
of the RSD bispectrum thus can be expressed as:
B¯
m
ℓ
(k1, n, cos θ) =
(
δ̂Tb
)3 [
δℓ,0B
r
∆ρHi
,∆ρH i,∆ρH i
+
(
[µ2
3
]m
ℓ
B
r
∆ρHi
,∆ρH i,∆ρH
+ [µ2
2
]m
ℓ
B
r
∆ρHi
,∆ρH,∆ρH i
+ [µ2
1
]m
ℓ
B
r
∆ρH
,∆ρH i,∆ρH i
)
+
(
[µ2
1
µ2
2
]m
ℓ
B
r
∆ρH
,∆ρH,∆ρH i
+ [µ2
1
µ2
3
]m
ℓ
B
r
∆ρH
,∆ρH i,∆ρH
+ [µ2
2
µ2
3
]m
ℓ
B
r
∆ρHi
,∆ρH,∆ρH
)
+ [µ2
1
µ2
2
µ2
3
]m
ℓ
B
r
∆ρH
,∆ρH,∆ρH
]
. (11)
The B¯m
ℓ
here represents the value of a specific multipole averaged
over all possible orientations of a fixed triangle. In this paper we are
interested in the spherically averaged redshift space signal bispec-
trum, which is nothing but the monopole moment of the Equation
(9), i.e. Equation (11) for m = 0 and ℓ = 0. For the monopole
moment2, different coefficients in Equation (11) will take the form
δ0,0 = 1 , (12)
[µ2
1
]0
0
= [µ2
2
]0
0
= [µ2
3
]0
0
=
1
3
, (13)
[µ2
1
µ2
2
]0
0
=
1
15
(
2 cos2 θ + 1
)
, (14)
[µ2
2
µ2
3
]0
0
=
2 cos2 θ + 3n2 − 6n cos θ + 1
15s2
, (15)
[µ2
3
µ2
1
]00 =
(
2 cos2 θ + 1
)
n2 − 6n cos θ + 3
15s2
, (16)
2 To quantify the impact of the RSD precisely one in principle would need
to estimate all non-zero angular multipole moments of Equation (9), the
direction dependent bispectrum (see e.g. Mazumdar, Bharadwaj & Sarkar
2020). However, our aim here is to quantify the impact of RSD on the
spherically averaged bispectrum. This is why we concentrate only on the
monopole moment of the RSD bispectrum in this paper.
[µ2
1
µ2
2
µ2
3
]0
0
=
4
(
n2 + 1
)
cos2 θ + n2 − 4n cos3 θ − 6n cos θ + 1
35s2
(17)
where s =
√
1 − 2n cos θ + n2.
The above equations demonstrate that out of the eight coeffi-
cients of the monopole moment, four are dependent on the shape of
the triangle (Equations (14)- (17)). These shape dependent coeffi-
cients vary in the range3 0.01− 0.20. Equation (11) also shows that
in the absence of any redshift space distortions, the observed spheri-
cally averaged 21-cm bispectrum i.e. the monopole of Equation (11)
will reduce to
(
δ̂Tb
)3
Br
∆ρHi
∆ρH i
,∆ρH i
(first term in the R.H.S.). We
thus identify all R.H.S. terms apart from the first one as the redshift
space correction (RC) terms to the real space spherically averaged
bispectrum (m = 0, and ℓ = 0). Among the seven RC terms we
label the sum of the first three terms as Bµ2−RC, the sum of the next
three as Bµ4−RC and the last as Bµ6−RC. We will use Equation (11)
together with these notations as a tool to provide some physical in-
terpretation of the simulated redshift space 21-cm bispectra below
in Section 5.2.2.
4 SIMULATING THE REDSHIFTED 21-CM SIGNAL
FROM THE EOR
For our study we use the redshifted EoR 21-cm brightness tempera-
turemaps from the simulations ofMondal, Bharadwaj & Majumdar
(2017) at the seven different redshifts 13, 11, 10, 9, 8, 7.5 and 7.
In this section we briefly summarize the semi-numerical technique
used to generate the redshifted signal. A detailed description of
these simulations can be found in Mondal, Bharadwaj & Majumdar
(2017); Mondal, Bharadwaj & Datta (2018). Our simulation
method for the 21-cm signal is divided into three main steps.
In the first step, we generate dark matter distributions at the de-
sired redshifts using a publicly available parallelized particle mesh
(PM) N-body code4 . In the second step, we identify collapsed dark
matter halos using a publicly available Friends-of-Friend (FoF)
code5. The final step is to generate ionization fields using a pub-
licly available semi-numerical reionization code6 which is based on
the excursion set formalism of Furlanetto, Zaldarriaga & Hernquist
(2004). The third step closely follows the inside-out reioniza-
tion model of Choudhury, Haehnelt & Regan (2009). Here the
assumptions are that the hydrogen follows the underlying mat-
ter distribution and that luminous sources form within the ha-
los. Finally, the resulting neutral hydrogen fields are mapped to
redshift space to generate the redshifted 21-cm signal following
Majumdar, Bharadwaj & Choudhury (2013).
The N-body simulation was run for a comoving volume
V = [215.04Mpc]3 (using a 30723 grid) with a spatial resolu-
tion of 70 kpc and a mass resolution 1.09 × 108 M⊙ . We use the
N-body particle positions to generate the H i density field, and
particle velocities to generate the velocities of H i particles. Halos
3 The detailed k-triangle shape dependence of these four coefficients are
shown in Figure A1 in the Appendix A.
4 https://github.com/rajeshmondal18/N-body
5 https://github.com/rajeshmondal18/FoF-Halo-finder
6 https://github.com/rajeshmondal18/ReionYuga
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were identified using a linking length of 0.2 times the mean inter-
particle separation. We also require a halo to have a minimum of 10
dark matter particles which corresponds to a minimum halo mass
Mhalo, min = 1.09× 109 M⊙ . The number of ionizing photons emit-
ted by a source is assumed to be proportional to the mass of its host
halo with a dimensionless proportionality constant Nion. The reion-
ization process was simulated on a coarser 3843 grid with spacing
0.56Mpc using the density fields and the ionizing photon fields.
We determine whether a grid point is completely ionized or not
by smoothing the hydrogen density fields and the ionizing photon
fields using spheres of different radii starting from the grid spacing
to Rmfp. Here, Rmfp is a free parameter in the simulations, and anal-
ogous to the mean free path of the ionizing photons. A grid point is
considered to be completely ionized if for any smoothing radius, the
smoothed photon density exceeds the smoothed hydrogen density
at that grid point.
For our fiducial model, we assume that the universe is 50%
ionized (the mass averaged neutral fraction x¯H i ≈ 0.5) by z = 8,
Rmfp = 20Mpc (Songaila & Cowie 2010) and Nion = 23.2. We also
ensure that reionization ends by z ∼ 6 and that the Thomson scat-
tering optical depth is consistent with Planck Collaboration et al.
(2016).
5 RESULTS
Throughout this paper we discuss our results based on the nor-
malized bispectrum, defined as
[
k3
1
k3
2
B(k1, k2, k3)/(2π2)2
]
for any
specific k-triangle. Following the discussion in Section 2 we pa-
rameterize all of the estimated bispectra from simulations with
three parameters: n, cos θ and k1. As discussed in Section 2, we
only consider the bispectra from k-triangles that satisfy the unique-
ness condition, n cos θ ≥ 0.5. In discussing the results below, we
focus on bispectra with k1 = 0.20, 0.58, 1.18, 2.37Mpc
−1 and des-
ignate these triangles as small, intermediate, large and largest.7 Fur-
thermore, we analyze the 21-cm bispectra at four different stages
of reionization corresponding to mass averaged neutral fractions
x¯H i = 0.93, 0.73, 0.49, 0.32, labelled as very early, early, middle
and late stages of reionization respectively.
5.1 EoR 21-cm bispectrum in real space
As they have not before been presented in this representation, we first
show the real space EoR 21-cm bispectra for all unique triangles in
the n-cos θ space (Figure 2). The first important point to note from
this figure is that for almost the entire unique triangle parameter
space and for all phases of reionization, the 21-cm bispectra are
non-zero. This is direct evidence that the signal is highly non-
Gaussian. We also notice that the magnitudes and signs of the
bispectra depend on three factors, the k-triangle shape, the value of
the k1 mode and the stage of reionization. To better understand the
relation of the magnitude and sign of the bispectra to these three
factors, we show in Figure 3 the bispectra for the limiting values of
k-triangle parameters in the n-cos θ space (linear and L-isosceles
limits for small and large k1-triangles at all four stages of the EoR).
A careful analysis of Figures 2 and 3 reveals that for small
k1-triangles bispectra are negative in most of the unique n-cos θ
space during the entire period of the reionization. The magnitude of
7 Note that due to our limited simulation volume, the triangle bins with
k1 < 0.20Mpc
−1 are severally affected by the sample variance.
the bispectra initially increases with decreasing x¯H i and reaches its
maximum value around the middle stages of the EoR, after which
the magnitude decreases with decreasing x¯H i. For a fixed x¯H i, the
magnitude of the bispectra increases along the L-isosceles line with
increasing cos θ and for linear triangles the magnitude increases
with increasing n. The largest magnitudes are obtained for bispectra
from the squeezed limit triangles. This is true for almost all stages
of reionization.
For the intermediate k1-triangles the bispectra show a similar
trend as for the small k1-triangles. A notable exception is that the
former become positive at the linear limit of triangles during the late
stages of the EoR. The overall magnitude of the bispectra for almost
all shapes of k-triangles are larger for intermediate k1-triangles than
for small k1-triangles.
The bispectra for the large k1-triangles show even larger mag-
nitudes. This increase is more prominent around linear triangles. In
addition, these bispectra become positive in an increasingly larger
area of the n-cos θ space, around the linear triangles, for decreasing
x¯H i.
This trend of increase in the area of the n-cos θ space where
bispectra is positive with the increase in k1 magnitude is seen to
continue for the largest k1-triangles as well. The area of the n-
cos θ space around the linear triangles where the bispectra become
positive, is even larger for this case. However, the magnitude of the
bispectra for the largest k1-triangles monotonically decreases with
the progress of the reionization. This is a feature that is opposite of
the trend seen for the small, intermediate and large k1-triangles.
The k1 value, triangle shape and x¯H i dependence of the bispec-
tramagnitude observed in Figure 2 and 3 and discussed above can be
interpreted in the following manner: the signal’s non-Gaussianity
is relatively small at large scales during the very early stages of
the EoR. This can be understood from the fact that the fluctua-
tions in the 21-cm signal during these early stages are dominated
by the underlying density fluctuations rather than by fluctuations
introduced by the still very small H ii regions. When we probe bis-
pectra for triangles with intermediate, large and largest k1 modes,
the magnitude of the bispectra increases as they become increas-
ingly sensitive to the small H ii regions (left to right, top two rows
of the Figure 2). Furthermore, the gradual increase in bispectra
magnitude with decreasing x¯H i and peaking around x¯H i ∼ 0.5 is
directly related to the gradual increase in the signal fluctuations
(and non-Gaussianity) due to the progress of reionization until we
reach a significant amount of percolation among the H ii regions.
Furthermore, progress in reionization changes the topology of the
21-cm signal and for x¯H i . 0.5 it is dictated by the size and distri-
bution of the neutral regions rather than of the ionized regions. The
bispectra for triangles with the largest k1 modes see a decrease in
magnitude with the decreasing x¯H i. This is caused by the fact that
as reionization progresses the sizes and number density of the H ii
regions gradually increase which leads to a decrease of the signal
fluctuations at smaller length scales (Lidz et al. 2007).
The sign reversal of the bispectra discussed above is an im-
portant phenomenon, which has been reported earlier in the context
of the 21-cm signal from the EoR in Majumdar et al. (2018) and
Hutter et al. (2019) and in the context of the 21-cm signal from
the CD in Watkinson et al. (2019). However, all of these previous
studies have reported this sign change for a few specific types of tri-
angles. Here we demonstrate the evolution in bispectra sign across
all unique triangle types, k1 modes and stages of reionization.
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Figure 2. The real space bispectra for all unique triangle configurations at four different stages of the EoR and for four different k1 modes.
5.2 EoR 21-cm bispectrum in redshift space
5.2.1 Impact of the RSD on the 21-cm bispectra
Next, we quantify the impact of the RSD on the monopole moment
of the 21-cm bispectra. Figure 4 shows the spherically averaged
redshift space bispectra for all unique k-triangles in the n-cos θ
space. Similar to the case of the real space bispectra, in Figure 3
we also show the redshift space bispectra for the limiting values of
k-triangle parameters in the n-cos θ space (linear and L-isosceles
limits for small and large k1-triangles at all four stages of the EoR).
A quick qualitative visual comparison of Figures 2, 4 and 3 re-
veals many of the important effects RSD has on the signal bispectra.
The first is that both the magnitude and the sign of the bispectra are
affected. For small k1-triangles and at very early stages of the EoR,
RSD manifests itself through a large boost in the magnitude val-
ues. Similarly, the magnitude of the bispectra for large k1-triangles
also get boosted at this stage and in addition they also show a sign
change. As reionization progresses, we see an opposite effect on the
magnitudes, as they are smaller for the RSD case for both small and
large k1-triangles. It is further clearly visible from Figure 4 that the
area in the n-cos θ space where the bispectra become positive or
large k1-triangles, is larger when RSD is applied. For the largest
k1-triangles, RSDmakes the bispectra positive for the entire unique
n-cos θ space at all stages of the EoR.
To quantify the impact of the RSD in detail, we show the ratio
of spherically averaged bispectra in redshift and real space, i.e.
Bs/Br in Figure 5. We discuss this ratio in order of increasing k1
values. Starting with the small k1-triangles we notice that during
the very early stages of the EoR, RSD enhances the magnitude
of the bispectra by more than 50% in almost the entire unique k-
triangle space. However, as reionization progresses (early stages),
RSD reduces the amplitudes of the bispectra, by ∼ 50% around
the squeezed and linear limit and by ∼ 20 − 50% for the other k1-
triangles. During themiddle and late stages of the reionization, RSD
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Figure 3. The bispectra in real (Br ) and redshift space (Bs) for the limiting values of k-triangle parameters. The solid lines and dashed lines represent bispectra
in redshift and real space respectively. The red and blue colours represent negative and positive values of the bispectra respectively. The bispectra are shown at
four different stages of the EoR and for two different k1 modes (small and large).
continues to reduce the amplitude of the bispectra but to a smaller
degree (≤ 20%).
For intermediate k1-triangles the bispectra witness a stronger
impact (both in magnitude and sign) of the RSD. At the very early
stages of the EoR, the Bs has a different sign than Br for the cos θ
range 0.8 . cos θ . 0.9. At these scales the magnitude of Bs is
enhanced by∼ 50−100% for the linear k-triangles for 0.9 . cos θ .
1.0 for the entire range of n. As reionization progresses (early stages)
the magnitude of Bs reduces with respect to Br by more than
∼ 50% in the vicinity of linear k-triangles with 0.6 . n . 1.0 and
0.9 . cos θ . 1.0. During the middle and late stages of the EoR the
reduction in bisepctra amplitude due to RSD remains within ≤ 20%
in almost the entire unique n-cos θ space.
The large k1-triangle bispectra are even more sensitive to the
effect of redshift space distortions. This is maybe due to the fact
that non-linear features of the signal are more prominent at small
length scales. The sign of the Bs is the opposite of that of the Br
for triangles with 0.7 . cos θ . 0.9 during the very early stages
of the EoR. This range of cos θ, for which a sign difference is
observed shifts to higher values of cos θ (i.e. 0.9 . cos θ . 1.0) as
the reionization transitions from the very early to the early stages.
As reionization progresses further (i.e. middle and late stages) this
cos θ range (where the sign difference is observed) again shifts
towards smaller values (i.e. 0.8 . cos θ . 0.9). The magnitude of
the bispectra are also affected by the RSD for large k1-triangles.
At the very early stages of the EoR and for 0.5 . cos θ . 0.8
the RSD decreases the magnitude by more than ∼ 50% and for
0.8 . cos θ . 1.0 the RSD increases the magnitude by more than
∼ 50%. During the later stages (early, middle and late stages of the
EoR) the magnitude of Bs decreases by more than ∼ 50%, except
for the region in the n-cos θ space where the ratio Bs/Br changes
sign.
The RSD has its maximum impact both in terms of sign and
magnitude on the bispectra for the largest k1-triangles. As already
noted above, for these triangles Bs is positive for the entire unique
n-cos θ space during the entire period of reionization. Therefore the
sign of the Bs is the opposite of that of Br for 0.5 . cos θ . 0.85
(Figure 5). The magnitude also changes by roughly ∼ 50% in this
region of parameter space. Furthermore, for 0.85 . cos θ . 1.0 the
magnitude of Bs enhances by more than ∼ 50%.
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Figure 4. The redshift space bispectra for all unique triangle configurations at four different stages of the EoR and for four different k1 modes.
Overall it can be concluded that, the impact of RSD on the
magnitude of the bispectrum (for any type of k-triangle and for
any k1-mode) is minimum when reionization is roughly half way
through.
5.2.2 Interpretation of the redshift space bispectra using the
quasi-linear model
To interpret the features observed in the redshift space bispectra we
now return to the quasi-linear model for Bs expressed by Equation
(11). However, before interpreting the results using this model we
first check in which regions of the n-cos θ space, for what k1-values
and for what stages of the EoR it provides a good approximation
to Bs. Figure 6 shows the ratio of the bispectra estimated from
Equation (11) (using the simulated ρH and ρH i fields) and the bis-
pectra estimated from the simulated redshift space 21-cm brightness
temperature fields, i.e. Bs, qlin/Bs. We observe that the quasi-linear
model provides a very good estimate (with deviations of less than
10 percent from the actual Bs) in almost the entire n-cos θ space
and for the entire period of reionization for small and intermedi-
ate k1-triangles. The quasi-linear predictions for bispectra for large
and largest k1-triangles show somewhat higher deviations (∼ 10–50
percent). However, even for this group of triangles in most of the
scenarios, the quasi-linear model is able to predict the magnitude
and the sign of the Bs reasonably well.
As discussed in Section 3, the R.H.S. of Equation (11) intro-
duces seven correction (RC) terms to the real space bispectra as a
model for the redshift space bispectra. We divide these seven RC
terms into three groups - Bµ2−RC, Bµ4−RC and Bµ6−RC (see Section
3 for details). Next, we try to identify which one among these three
groups of RC terms is the dominant one. To this end we plot in Fig-
ure 7 the ratios Bµ2−RC/Br and Bµ4−RC/Br for the limiting values
of k-triangle parameters in the n-cos θ space (linear and L-isosceles)
for small and large k1-triangles. The advantage of plotting this ratio
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Figure 5. The ratio between the redshift space and real space bispectra for all unique triangle configurations at four different stages of the EoR and for four
different k1 modes.
is that apart from quantifying the relative magnitudes of the RC
terms, the sign of the ratio will tell us whether a given RC term is
contributing with the same sign (positive ratio) or with the opposite
sign (negative ratio) of the real space bispectra. We do not plot the
ratio Bµ6−RC/Br as its magnitude is negligible compared to the
ratios Bµ2−RC/Br and Bµ4−RC/Br at almost all stages of the EoR
and for almost all of the studied triangle types.
The figure clearly shows that for these limiting triangle shapes
the dominant RC term is Bµ2−RC among Bµ2−RC and Bµ4−RC. At the
very early stages of the EoR and for small k1-triangles Bµ2−RC/Br
is positive and its magnitude varies in the range 0.6 – 2.0, whereas
in the same regime Bµ4−RC/Br is also positive and its magnitude
varies in the range 0.1 − 0.6 for most the triangle shapes. This ex-
plains why we see a boost in the bispectra due to the RSD during
the very early stages of the EoR and for small k1-triangles (see
Figure 3). During all the later stages of the EoR (i.e. early, mid-
dle and late stages) for the small k1-triangles Bµ2−RC/Br is nega-
tive and its magnitude reduces as reionization progresses. However,
Bµ4−RC/Br is positive for the same triangles but has a much smaller
magnitude compared to Bµ2−RC/Br at the early stages of the EoR.
During the middle and late stages of the EoR Bµ4−RC/Br for same
triangles is negligible. This explains why we see a reduction in the
magnitude of the redshift space bispectra (with respect to the real
space bispectra) for small k1-triangles with the progress of reion-
ization. This is also the reason why during the late stages of the EoR
eventually Bs ∼ Br . A somewhat similar behaviour of Bµ2−RC/Br
and Bµ4−RC/Br is observed for large k1-triangles as well.
Next, to understand how the Bµ2−RC term shapes the redshift
space bispectra for all types of triangles and for the entire period
of the reionization, we show in Figure 8 the ratio Bµ2−RC/Br for
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Figure 6. This figure shows Bs, qlin/Bs for all unique triangle configurations at four different stages of the EoR and for four different k1 modes.
the entire unique n-cos θ space following the convention of Figure
2. In line with what we have observed for the limiting shapes of the
triangles in Figure 7, Figure 8 shows that for the small k1-triangles
during the very early stages of the EoR Bµ2−RC/Br ∼ 1.0 and also
has a positive sign. The Bµ4−RC/Br and Bµ6−RC/Br ratio for the
same triangles (shown in Figures A2 and A3) have a magnitude
in the range 0.0 − 0.1 with opposite signs with respect to each
other. This explains why we observe a boost in the magnitude of
redshift space bispectra in the entire unique n-cos θ space at this
stage. For the later stages of the EoR the Bµ2−RC/Br becomes
negative and also shows a decrease in magnitude with decreasing
x¯H i. However, it still remains the dominant RC term and can explain
the decrease in amplitude of the redshift space bispectra (compared
to real space bispectra) during the early and middle stages of the
EoR until Bs ∼ Br at the late stages of the EoR.
For the intermediate k1-triangles at the very early stages of the
EoR the magnitude of Bµ2−RC/Br falls roughly in the range 0.2–1.0
and has a negative sign (Figure 8). Bµ4−RC/Br ranges from 0.5 to
1.0 with mostly a positive sign (Figure A2) and Bµ6−RC/Br varies
from 0.1 to 1.0 with mostly a negative sign (Figure A3). Hence
in this regime the contribution of Bµ2−RC is comparable with the
other twoRC terms. Further, as the twoRC termswith higher powers
of µ have competing signs, the RSD bispectra show a fluctuating
sign when compared with the real space bispectra (see Figure 5)
for this regime. As reionization progresses (i.e. early, middle and
late stages) all three correction terms - Bµ2−RC/Br , Bµ4−RC/Br
and Bµ6−RC/Br follow a somewhat similar behaviour as for the
small k1-triangles case described above and thus the redshift space
bispectra also follow the suit.
At the very early stages of the EoR the Bµ2−RC/Br for large
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Figure 7. The ratios B
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shown at four different stages of the EoR and for two different k1 modes (small and large).
k1-triangles shows a variation inmagnitude with triangle shape. The
magnitude varies in the range 1.0–2.0 and it gradually increases as
we approach the linear regime of triangles along the cos θ axis. It
also changes sign from negative to positive around cos θ ∼ 0.9. The
Bµ4−RC/Br ratio shows a similar variation in magnitude ranging
from0.2 to 1.0 and the sign changes frompositive to negative around
cos θ ∼ 0.9. Similarly, themagnitude of Bµ6−RC/Br ranges from0.1
to 1.5 and its sign changes from negative to positive around cos θ ∼
0.9. This boosts the magnitude of the redshift bispectra significantly
around the linear regime of triangles and also ensures it is positive
in the same region of the n-cos θ space. The overall magnitude of all
three RC terms decreases as reionization progresses. However, the
trend in the variation of magnitude with the triangle shape remains
more or less the same. This results in a overall decrease in the
magnitude of the redshift space bispectra with the values around
the linear regime of triangles and a sign change in the redshift space
bispectra around cos θ ∼ 0.9.
For the largest k1-triangles themagnitude of Bµ2−RC/Br varies
in the range 0.5–2.0 and changes its sign from negative to positive
around cos θ ∼ 0.8 at almost all stages of the EoR. Similarly, the
magnitude of Bµ4−RC/Br range from 0.1 to 0.5 with a sign change
from positive to negative around the same cos θ value as above. The
relative magnitude of Bµ6−RC/Br with respect to the other two RC
terms is somewhat negligible in this regime (≤ 0.1). This effectively
ensures that the redshift space bispectra are positive at all stages of
the EoR. The magnitude of the bispectra increases with increasing
values of cos θ and reaches a maximum around the linear limit of
triangles (Figure 4).
6 SUMMARY AND CONCLUSIONS
In this article we have presented a comprehensive study of the
spherically averaged EoR 21-cm signal bispectra, which are a probe
of the non-Gaussianity present in the signal. This work is the first
of its kind, as it quantifies the EoR 21-cm bispectra for all possible
unique k-triangles in the triangle parameter (n-cos θ) space using
an ensemble of simulated signals. All previous efforts in estimating
the EoR 21-cm bispectra were less complete as they were limited
to a few specific kind of k-triangles. This article is also the first
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Figure 8. The ratio between the B
µ2−RC and B
r for all unique triangle configurations at four different stages of the EoR and for four different k1 modes.
to quantify the impact of redshift space distortions on the signal
bispectra.
We find that the 21-cm bispectra are non-zero for most of the
triangle parameter space and during almost the entire period of the
reionization. This strongly establishes that the EoR 21-cm signal is
highly non-Gaussian. Our findings can be further summarized as
below:
• The magnitude of both the real and redshift space signal bis-
pectra (in the entire triangle parameter space) initially increaseswith
decreasing x¯H i for all k1-triangles having values k1 . 1.0Mpc
−1.
They achieve their maximum approximately for x¯H i ∼ 0.5 after
which they decrease with decreasing x¯H i. This is due to the fact that
the signal fluctuations increase gradually with the increasing sizes
of the H ii regions and peak at the mid-point of reionization.
• The 21-cm bispectra in both real and redshift space show a
gradual increment in the magnitude as we go from smaller to larger
k1 values (the largest arm in the k-triangle) with k1 . 1.0Mpc
−1
and for a fixed x¯H i. This seems to be a signature of the impact of
the H ii region size distribution at a given stage of the EoR.
• The sign of the EoR 21-cm bispectra, an important feature
of this statistic, is negative for most of the n-cos θ space for the
real space signal (across all k1-triangles and for almost all x¯H i
values). It is positive only in the limit and vicinity of squeezed
(n ∼ 1.0 and cos θ ∼ 1.0) and linear (i.e. n ∼ 0.5 − 1.0 and
cos θ ∼ 1.0) k1-triangles. The region of positive bispectra in the
n-cos θ space increases in area as we move from smaller to larger
k1-triangles. Another important point to note is that the magnitude
of the bispectra reaches its maximum for the squeezed and linear
triangles.
• The redshift space distortions affect the bispectra for all unique
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k-triangles significantly, both in termsofmagnitude and sign, during
the entire period of the reionization. The impact due to RSD on
the bispectra magnitude is larger (as large as ∼ 100%) during the
early stages of the EoR (x¯H i & 0.7) for triangles with small and
intermediate k1 modes (k1 . 0.6Mpc
−1). The RSD have a smaller
impact (at most ∼ 50%) on the bispectra magnitude during the later
stages of the EoR (x¯H i . 0.7) for the same k1-triangles.
• The gradual change in the sign of the bispectra is most promi-
nent when one analyses the bispectra across small to large k1-
triangles for any given stage of reionization. The signal bispectra
in redshift space are mostly negative for all unique triangles with
k1 ∼ 0.2Mpc−1 (small) all stages of the EoR. As we move from
smaller to larger k1 triangles at any give stage of reionization, an
area with positive bispectra starts to appear close to the cos θ ∼ 1
line which increases in size the larger k1 becomes. In case of the
largest k1-triangles discussed here (k1 ∼ 2.4Mpc−1), the bispectra
have positive sign for the entire n-cos θ parameter space. A similar
trend in the evolution of the sign is observed for the real space signal
as well. However, the area in the n-cos θ space where bispectra are
positive is much smaller in real space than in redshift space. This is
true for all stages of reionization and for all k1-triangles.
• The RSD have their maximum impact on the larger k1-triangle
bispectra (k1 & 0.6Mpc
−1). It enhances the magnitude of the signal
bispectra for k1 ∼ 1.0Mpc−1 triangles by ∼ 100%, in the region
of the n-cos θ space where Bs and Br have opposite signs. The
bispectra for other unique triangles in the n-cos θ (for the same k1
values) space experience a decrease in magnitude, sometimes as
low as ∼ 80 percent, due to the RSD. For k1 ∼ 2.4Mpc−1 triangles,
the RSD change the magnitudes by at least ∼ 100% in most of the
unique n-cos θ space. Additionally, it also changes the signs within
cos θ range 0.5 . cos θ . 0.85.
• The quasi-linear model (Equation (11)) provides a very good
prediction and physical interpretation for the redshift space EoR 21-
cm bispectra (with ≤ 10% uncertainties) in the entire unique n-cos θ
space for k1 ≤ 0.6Mpc−1 triangles during the early stages of the
EoR (x¯H i ≥ 0.5). These predictions deviate more (≥ 20 percent)
from the simulated Bs as we move towards triangles with larger
k1 modes (k1 ≥ 0.6Mpc−1) and to the later stages of the EoR.
We have further established that among the three groups of the
RC terms shown in Equation (11), mainly the group Bµ2−RC dom-
inates in shaping the redshift space 21-cm bispectra. This group
contains three cross-bispectra which are [µ2
1
]0
0
B∆ρH,∆ρH i,∆ρH i
,
[µ2
2
]0
0
B∆ρHi,∆ρH,∆ρH i
and [µ2
3
]0
0
B∆ρHi,∆ρH i,∆ρH
. The other RC terms
do not have a similar impact in shaping the redshift space signal
bispectra.
The analysis of the simulated EoR 21-cm signal bispectra pre-
sented here is quite comprehensive in nature. It establishes that
the impact of redshift space distortions on the signal bispectrum
is significant, both in terms of bispectra magnitude and sign. Thus
it is important to take into account the effect of the RSD for any
interpretation of the signal bispectra.
However, in this article, we only focus on the impact of
RSD on the spherically averaged bispectra of the signal. Ide-
ally, one should decompose the direction dependent signal bis-
pectra into an orthonormal basis vector space to accurately
quantify any line-of-sight anisotropy present in the signal (e.g.
Bharadwaj, Mazumdar & Sarkar 2020).
We would like to point out that our analysis does not consider
several other effects which are unavoidable in any radio interfer-
ometric observations of the signal. Among them, one that is very
important, is the light cone effect, which arises due to the time evo-
lution of the signal along the line-of-sight. This constitutes another
source of line-of-sight anisotropy in the signal apart from the red-
shift space distortions, although it generally of a lower magnitude
(Datta et al. 2012, 2014).
Furthermore, the analysis presented here does not take into
account the corruption of the observed data due to the presence
of residual foregrounds. A proper foreground removal or avoid-
ance is essential to extract the cosmic signal using the bispectrum
(e.g. Watkinson, Trott & Hothi 2020). Additionally, we have not
presented the detectability of the signal bispectra for any upcoming
or presently operational radio interferometers by considering the
level of noise and other systematics.
We have considered only one model of reionization for our
analysis of the 21-cm bispectrum here. However, as discussed ear-
lier, the nature of the bispectra depends on the topology of the
21-cm field, which in turn depends on the properties of the ionizing
sources aswell as the properties of the IGM(see e.g.Majumdar et al.
2016b).
Lastly, this analysis also does not consider the period of cos-
mic history when the effect of spin temperature fluctuations on the
signal is significant. However, through the use of the (k1, n, cos θ)
parameter space we have shown how all possible triangle config-
urations can be studied, thus establishing a framework which we
intend to use in future studies addressing these various issues.
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APPENDIX A: QUASI-LINEAR COMPONENTS OF THE
REDSHIFT SPACE 21-CM BISPECTRA
The panels in Figure A1 show the coefficients of different compo-
nents of the quasi-linear model for redshift space bispectra defined
by Equation (11). The four panels of Figure A1 show the four coef-
ficients defined in Equations (14) - (17) for the monopole moment
of the bispectra i.e. for m = 0 and ℓ = 0 in Equation (11).
Figure A2 shows the ratio between Bµ4−RC and Br for all
unique triangle configurations at four different stages of the EoR
and for four different k1 modes. Figure A3 shows the ratio between
Bµ6−RC and Br for all unique triangle configurations at four different
stages of the EoR and for four different k1 modes. The Bµ4−RC and
Bµ6−RC are the two mostly minor correction terms which impact
the EoR 21-cm signal bispectra in redshift space. These two figures
show the relative contributions of the Bµ4−RC and Bµ6−RC groups
of RC terms in the redshift space bispectra at different stages of the
EoR.
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Figure A1. These panels show the value of coefficients [µ2
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in the equation (11) for m = 0, ℓ = 0.
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Figure A2. The ratio between B
µ4−RC and B
r for all unique triangle configurations at four different stages of the EoR and for four different k1 modes.
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Figure A3. The ratio between the B
µ6−RC and B
r for all unique triangle configurations at four different stages of the EoR and for four different k1 modes.
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